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Abstract
We investigate a relation between zeros of the partition function and supersymmetry breaking, con-
jectured by Morita and Niarchos, for a family of Chern-Simons-matter theories. We analyze the analytic
structure of the free energy in the large N limit derived from the resolvent of the corresponding matrix
model. We find that a branch point exists at the value of the ’t Hooft coupling above which supersym-
metry is known to be broken, confirming the conjecture.
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1 Introduction
It has been known since [1] that N = 1 supersymmetric Chern-Simons theory exhibits supersymmetry
breaking for a certain range of the parameters. For example, if the gauge group is SU(N) and the
Chern-Simons level is k > 0, then the supersymmetry is broken if and only if
N > 2k. (1.1)
Strictly speaking, this is the result for N = 1 Yang-Mills-Chern-Simons theory and, since the Yang-Mills
term is irrelevant in the IR limit, this should be also the case for pure Chern-Simons theory. This result
was shown in [1] by calculating the Witten index (in fact, even the number of vacua was calculated). The
calculation was extended to N = 2, 3 theories in [2]. For these theories, supersymmetry is broken if and
only if
N > k. (1.2)
The supersymmetric (Yang-Mills-)Chern-Simons theory can be realized on a system of branes. N = 2
pure Chern-Simons theory is realized on D3-branes suspended between NS5-branes and D5-branes [3][4].
In this setup, the condition for supersymmetry breaking is examined by the s-rule [5] of the brane system.
The s-rule claims that only a single D3-brane can be suspended between an NS5-brane and a D5-brane
without breaking supersymmetry. Therefore, the rank of the gauge group is restricted by the number of
D5-branes, resulting in the condition (1.2).
Curiously, the result for pure Chern-Simons theory had not been extended to more general Chern-
Simons-matter theories until the study of ABJ theory [6] was started. ABJ theory is N = 6 Chern-
Simons-matter theory with the gauge group U(M)×U(N) and the level (k,−k) coupled to bi-fundamental
matters. It was conjectured in [6] that the supersymmetry is preserved if
|M −N | ≤ k, (1.3)
provided k > 0, and otherwise the theory is inconsistent, not merely non-supersymmetric.
The condition of supersymmetry breaking for more general N = 2 Chern-Simons-matter theories was
obtained recently in [7]. For a theory with the gauge group G and the level k > 0 coupled to matters in
the representations Ri of G, the supersymmetry is broken if and only if
h(G) > k +
1
2
∑
i
T2(Ri), (1.4)
where h(G) is the dual Coxeter number of G and T2(R) is the quadratic index of R. Note that h(G) = N
for G = SU(N).
Recently, it was conjectured in [8] that there would be an interesting connection between the su-
persymmetry breaking discussed above and the value of the partition function. The claim is that the
supersymmetry is broken if and only if the partition function vanishes. Supporting arguments were given
in [8]. For pure Chern-Simons theory [8] and ABJ theory [9], this conjecture was shown to be correct
by the explicit calculation of the partition function. Note that the vanishing partition function and the
inconsistency of ABJ theory is reminiscent of the SU(2) anomaly [10].
In this paper, we examine the above conjecture for a family of Chern-Simons-matter theories. We
consider N = 3 Chern-Simons theories with the gauge group U(N) and the level k coupled to Nf
fundamental matters and n adjoint matters. For theories including them, an integral formula for the
partition function was obtained in [11]. The evaluation of the partition function can be done in a suitable
large N limit using matrix model techniques. Since the planar resolvent for those theories was obtained in
[12][13], their free energy can be analyzed. Then, the conjecture of [8], translated into a relation between
supersymmetry breaking and the position of a singularity of the free energy, can be examined. Note that
the conditions above for the supersymmetry breaking make sense in a suitable large N limit.
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We will show in this paper that the free energy has a branch point at the place which is expected
from the condition (1.4). The analysis in this paper can be extended to a more general family of Chern-
Simons-matter theories, based on the results obtained in [14].
This paper is organized as follows. In section 2, we review known results on the conjecture based on
the explicit evaluation of the partition function. A large N version of the conjecture is also stated. In
section 3, we investigate the analytic structure of the free energy as a function of the ’t Hooft coupling
λ using the planar resolvent. According to whether the supersymmetry is broken or preserved, the free
energy is shown to have a branch point at the right position, or to be holomorphic for λ > 0. Section
4 is devoted to discussion. A puzzle for the case n = 12 , corresponding to N = 3 Chern-Simons theory
coupled to a single (anti-)symmetric matter, is also mentioned. Appendices contain some details.
2 Known results
We begin with a brief review on known results on pure Chern-Simons theory, Chern-Simons theory
coupled to fundamental matters, and ABJ theory for all of which the partition function was analyzed
exactly. The results are compatible with the conjecture of [8]. It will be also shown that the conjectured
relation can be investigated in terms of the planar free energy in the large N limit.
2.1 Pure Chern-Simons theory
Consider N = 2 pure Chern-Simons theory with the gauge group U(N) and the level k. The partition
function is [11]
Z(N, k) =
N∏
m=1
(
sin
pim
k
)N−m
, (2.1)
up to an overall factor which is not important in the following. Apparently, the product vanishes for
N > k while it is non-zero otherwise. This pattern coincides with the pattern of the supersymmetry
breaking reviewed in the introduction. Therefore, for the case of pure Chern-Simons theory, Z(N, k)
vanishes if and only if the supersymmetry is broken.
It is interesting to notice that the free energy F (N, k) := − logZ(N, k) has a well-define ‘t Hooft limit
[8]
F (λ) := − lim
N→∞
1
N2
logZ(N, k)
= −
∫ 1
0
dx (1− x) log sin(piλx), (2.2)
where λ := N
k
is fixed. Due to zeros of Z(N, k) at N > k, F (λ) is expected to have a singular behavior
at λ = 1. The value F (1) is, however, finite2:
F (1) =
1
2
log 2. (2.3)
2 The free energy in [8] is different from the one in this paper by a constant.
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Instead, λ = 1 is a branch point of F (λ). This may become more transparent by rewriting F (λ) as
F (λ) = −1
2
log sin(piλ) +
1
2λ2
∫ λ
0
dx (2λ − x)pix cot(pix). (2.4)
The first term has branch points at λ ∈ Z. The second term also has branch points at λ ∈ Z\{0} due to
poles of cot(pix). The discontinuity of F (λ) on an interval 1 < λ < 2 is
F (λ+ i0)− F (λ− i0) = pii− 1
2λ2
∮
1
dx (2λ− x)pix cot(pix)
= pii
(
1− 1
λ
)2
. (2.5)
Note that F (λ) is finite for λ /∈ Z. This suggests that an expected sign of the supersymmetry breaking
in the planar free energy should be the presence of a branch point, not necessarily a divergent behavior.
2.2 Chern-Simons theory with fundamental matters
Pure Chern-Simons theory may couple to a number of matters. Consider a Chern-Simons-matter theory
with the gauge group U(N) with the level k > 0. The maximum amount of supersymmetry allowed for
the theory is N = 3 [15]. In this case, the matters form N = 4 hypermultiplets. In this subsection, we
consider hypermultiplets in the fundamental representation of U(N). Each hypermultiplet consists of one
N = 2 fundamental multiplet and one N = 2 anti-fundamental multiplet. Let Nf be the number of the
fundamental hypermultiplets, and Z(N, k,Nf ) be the partition function of the theory. It was shown in
[16] that (schematically)
Z(N, k,Nf ) ∝ Z(N − 1, k,Nf − 1). (2.6)
This relation, combined with the result on pure Chern-Simons theory, implies that Z(N, k,Nf) = 0 if
and only if
N > k +Nf . (2.7)
Indeed, this is the condition for the supersymmetry breaking for this theory derived from the s-rule of a
brane system. Appendix A reviews a brane realization of the N = 3 theory.
2.3 ABJ theory
The partition function of ABJ theory was obtained as a finite-dimensional integral via localization [11].
The integral was then performed explicitly in [9]. Let the gauge group be U(N) × U(N +M) and the
levels be k > 0 and −k, respectively. The partition function turns out to have an overall factor
M−1∏
j=1
(q)j ∝
M−1∏
j=1
(
sin
pij
k
)M−j
, (2.8)
which has the same functional form as (2.1) for pure Chern-Simons theory. Therefore, the partition
function vanishes if and only if M > k, which is the same condition for the inconsistency of ABJ theory
reviewed in the introduction.
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The planar free energy of ABJM theory [17], corresponding to M = 0, was determined in [18]. The
third derivative of the planar free energy F (λ) is given as
∂3λF (λ) = −
128pi6
κ(κ2 + 16)
1
K( iκ4 )
, (2.9)
where κ is related to λ via
dλ
dκ
=
1
4pi2
K
(
iκ
4
)
, (2.10)
and K(k) is the complete elliptic integral of the first kind which can be written as
K(k) =
∫ pi
2
0
dθ√
1− k2 sin2 θ
=
pi
2
F
(
1
2 ,
1
2 , 1; k
2
)
. (2.11)
The right-hand side of (2.10) is positive for real κ. Therefore, any positive real λ corresponds to a positive
real κ. Since F (λ(κ)) is a holomorphic function of κ on the positive real κ axis, there is no branch point
of F (λ) for any positive real λ. This is compatible with the conjecture of [8] since no supersymmetry
breaking is expected for ABJM theory.
3 Planar free energy and resolvent
In this section, we discuss the planar free energy of N = 3 Chern-Simons-adjoint theories [13] which may
couple to fundamental matters. The gauge group is U(N) and the level is k. Let n be the number of
adjoint hypermultiplets, and Nf be the number of fundamental hypermultiplets. The theory is defined
on S3. The partition function can be given in terms of a finite-dimensional integral
Z(N, k, n,Nf) =
∫ N∏
i=1
dui e
−S[u], (3.1)
where
S[u] =
N∑
i=1
k
4pii
u2i −
∑
i<j
log
[
sinh2
ui − uj
2
]
+ n
∑
i6=j
log
[
cosh
ui − uj
2
]
+Nf
N∑
i=1
log
[
cosh
ui
2
]
, (3.2)
via the localization [11]. In the limit
N, k,Nf → ∞, λ := N
k
and nf :=
Nf
k
fixed, (3.3)
the integral (3.1) is dominated by {u¯i} satisfying the equations ∂uiS[u] = 0, that is,
k
2pii
ui +
Nf
2
tanh
ui
2
=
∑
j 6=i
coth
ui − uj
2
− n
∑
i
tanh
ui − uj
2
. (3.4)
If k is purely imaginary, it is natural to expect that the {u¯i} would lie on the real axis, forming a
continuous segment in the large N limit. By the symmetry of the equations, the segment should be
[−α, α] for some α > 0. The distribution of {u¯i} for general k would be given by a complex α determined
by the analytic continuation of k.
5
It is convenient to introduce a new variable z := eu. In terms of z, the equations (3.4) become
k
2pii
log zi +
Nf
2
zi − 1
zi + 1
=
∑
j 6=i
zi + zj
zi − zj − n
∑
i
zi − zj
zi + zj
. (3.5)
The resolvent v(z) defined as
v(z) := lim
N→∞
t
N
∑
j
z + zj
z − zj , t := 2piiλ (3.6)
is assumed to define an analytic function on C\[a, b] where a := e−α, b := eα. The line segment [a, b] is a
branch cut of v(z). The ’t Hooft coupling t is given by v(z) as
t = v(∞) = −v(0). (3.7)
In terms of v(z), the equations (3.5) can be written as
2 log y + 2piinf
y − 1
y + 1
= v(y+) + v(y−)− 2n v(−y), (3.8)
where
y± := y ± i0, y ∈ [a, b]. (3.9)
Let v0(z) be the solution of (3.8) with nf = 0. Then, v(z) is given as
v(z) = vf (z) + v0(z), (3.10)
where vf (z) has a branch cut at the same position as the one of v0(z), and satisfies
2piinf
y − 1
y + 1
= vf (y
+) + vf (y
−)− 2n vf (−y). (3.11)
It was shown in [13] that v0(z) can be given in the form
v0(z) =
∫ 0
−∞
dξ v0(z, ξ), (3.12)
where v0(z, ξ) satisfies
− 2
ξ − 1
y − 1
y − ξ = v0(y
+, ξ) + v(y−, ξ)− 2n v(−y, ξ). (3.13)
It is interesting to notice that v0(z, ξ) also gives vf (z) as
vf (z) = 2piinfv0(z,−1). (3.14)
This fact was used recently in [19].
The planar free energy is given as
Fn,nf (λ) := − lim
N→∞
1
N2
S[u¯]. (3.15)
It can be shown that the first derivative of λ2Fn,nf (λ) is given in terms of the resolvent v(z) as
∂λ(λ
2Fn,nf (λ)) =
∫ a
z0
dz
2pii
1
z
[
−v(z) + n v(−z) + log z + piinf z − 1
z + 1
]
+
δf
δϕ(u0)
∣∣∣
ϕλ
. (3.16)
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Figure 1: The curve (red) in a-plane to which the imaginary axis of t-plane is mapped. Since |a| ≤ 1 is
assumed, the curve lies inside the unit circle.
Note that the last term will be irrelevant in the following. For the details, see Appendix B.
We are interested in the analytic structure of Fn,nf (λ). The above integral representation (3.16) gives
Fn,nf (λ) as a function of a, one of the branch points of v(z). Since (3.7) relates λ and a, we have a
parametric representation of Fn,nf (λ). The integral representation (3.16) indicates that Fn,nf (λ), as a
function of a, may have branch points at a = 0,−1. However, it will be shown in the following that these
points do not correspond to real finite λ. This implies that a possible branch point of Fn,nf (λ) at a real
finite λ should come from a branch point of a(λ) given by (3.7).
In the following, we will examine the analytic structure of a(λ), or equivalently a(t), for various n and
nf . If a branch point exists on the real axis in the λ-plane, or on the imaginary axis in the t-plane, the
position will be compared with the one expected from the pattern of supersymmetry breaking discussed
in section 2, or with the condition (1.4).
3.1 Pure Chern-Simons theory
The simplest case n, nf = 0 corresponds to pure Chern-Simons theory. This theory was examined in
section 2 using the exact partition function. In this subsection, we reproduce the same results based on
the planar resolvent. The results obtained here suggest how to investigate more complicated theories.
The solution of (3.13) is [13]
v0(z, ξ) = − 1
ξ − 1
z − 1
z − ξ +
1
z − ξ
√
(z − a)(z − b)√
(ξ − a)(ξ − b) . (3.17)
Note that v0(z, ξ) does not have a pole at z = ξ due to ab = 1, as it should be the case.
The ’t Hooft coupling t is given as
t(a) = −
∫ 0
−∞
dξ
ξ
[
1√
(ξ − a)(ξ − b) +
1
1− ξ
]
. (3.18)
In fact, this integration can be done explicitly. As a result, one obtains the following relation
2e
1
2
t =
√
a+
1√
a
. (3.19)
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Figure 2: The curves in α-plane near α = 0. The left red curve corresponds to the case Re(t) > 0, while
the upper red curve corresponds to the case Re(t) < 0.
This defines a map from t-plane to a-plane. The imaginary axis of the t-plane, corresponding to the
physical values, is mapped to a curve in the a-plane depicted in Figure 1. Note that, by definition, a is
restricted to |a| ≤ 1. Since the curve does not pass through the origin, there is no branch point on the
curve.
A subtlety appears around a = 1. To see this, recall a = e−α, and write t in terms of small α. One
obtains
t =
1
4
α2 +O(α4). (3.20)
This indicates that a(t) has a branch point at t = 0. Indeed, such a branch point was found in section 2.
Figure 1 shows that, by increasing t in the imaginary direction, the curve goes around the origin, and
at t = 2pii it comes back to a = 1. Therefore, there is another branch point of the same kind at t = 2pii.
Here, the relation between t and α is
t− 2pii = 1
4
(α− 2pii)2 +O((α − 2pii)4). (3.21)
Suppose that t has a small real part corresponding to a small imaginary part of λ. Depending on the
sign of Re(t), the curve in the t-plane passing near t = 2pii is mapped into different curves in the α-plane,
as depicted in Figure 2. For a small negative Re(t) (a small positive Re(λ)), Re(α) becomes positive,
implying that |a| becomes greater than 1. This means that the role of a and b should be exchanged.
Due to the fact that the image of the map from the t-plane to the a-plane strongly depends on the sign
of Re(t), F0,0(λ) has a discontinuity. The integral representation (3.16) implies that the discontinuity for
1 < λ < 2 is
Disc ∂λ(λ
2F0,0(λ)) =
1
2
∮
C
dz
2pii
v0(z)
z
= 2pii(λ− 1). (3.22)
Integrating this with respect to λ, and using the fact that there is no discontinuity at λ = 1, one can
reproduce (2.5).
We have found that the branch point on the real λ axis closest to the origin is λ = 1, and a branch
cut appears for λ > 1. This is equivalent to
N > k, (3.23)
which coincides with the condition for supersymmetry breaking.
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Figure 3: The curve for the case nf = 1 in the w-plane corresponding to the imaginary axis of the t-plane.
It intersects with the imaginary axis at w = 0, 2pii.
3.2 Chern-Simons theory coupled to fundamental multiplets
Next, consider the case n = 0 and nf > 0. As mentioned at the beginning of this section, the resolvent
v(z) has the form
v(z) = v0(z) + vf (z). (3.24)
Here v0(z) is the same as the resolvent of pure Chern-Simons theory discussed above. vf (z) is obtained
from (3.17) as [20]
vf (z) = 2piinf
[
1
2
z − 1
z + 1
− 1
z + 1
√
(z − a)(z − b)√
(1 + a)(1 + b)
]
. (3.25)
The ’t Hooft coupling t for this theory is given in terms of a as
t = w + piinf
[
1− e− 12w
]
, 2e
1
2
w =
√
a+
1√
a
. (3.26)
As in pure Chern-Simons theory, a(w) has a branch point at w = 2pii. It turns out that this point lies
on a curve
wRe
1
2
wR = pinf sin
wI
2
, (3.27)
where w = wR + iwI, in the w-plane to which the imaginary axis of the t-plane is mapped. See Figure 3.
One can check that w = 2pii corresponds to t = 2pii(1 + nf), and no other branch point exists between
this and the origin. If Im(t) increases further, F0,nf (λ) exhibits a discontinuity, as in pure Chern-Simons
theory. The condition for the presence of a branch cut
λ > 1 + nf (3.28)
can be written as
N > k +Nf , (3.29)
which coincides with the known condition for supersymmetry breaking.
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Figure 4: Points in the τ -plane at which Re(t) = 0 are plotted for the case ν = 1 − 0.2i. The curve
Re(t) = 0 starts from the origin and intersects with the imaginary axis at τ = 10i.
3.3 Chern-Simons-adjoint theory: n > 1
We consider the case n > 1 and nf = 0. The theory with n = 1 requires a different treatment, so it
will be discussed later. The planar resolvent v(z) was obtained in [13]. The functional form of v(z) is
complicated, but the relation between t and a derived via (3.7) is rather simple:
t =
1
n− 1
∫ 0
−∞
dξ
ξ
[
i
2e sin piν2
G(ξ) +
1
1− ξ
]
. (3.30)
Here ν is related to n as
n = − cospiν. (3.31)
e is a constant depending on a and n, and G(z) is a function given in terms of theta functions. For the
details, see Appendix C.
The integral (3.30) defines t as a function of a. It turns out to be convenient to change the parameter
from a to τ defined as
a =
ϑ02(τ)
ϑ03(τ)
. (3.32)
The behavior of t(τ) can be investigated numerically. Several points in the τ -plane at which Re(t) vanishes
are plotted in Figure 4. The line connecting these points starts from the origin, and approaches to a
point on the imaginary axis of the τ -plane at which t diverges. This divergence is due to the factor e−1
in (3.30). Since n > 1, ν must be chosen as
ν = 1− 2iµ, µ > 0. (3.33)
Then, e is given as
e = −ϑ1(iµτ, τ)
ϑ0(iµτ, τ)
. (3.34)
Therefore, t diverges when ϑ1(iµτ, τ) = 0. For example, if
τ ∈ iµ−1Z, (3.35)
then t diverges. In fact, there are other values of τ at which t diverges, but those which are not on the
imaginary axis of τ -plane does not correspond to purely imaginary t.
One can check that there is no branch point on the curve corresponding to λ > 0. This suggests
that the supersymmetry is not broken for N = 3 Chern-Simons-adjoint theory with n > 1. Interestingly,
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Figure 5: Some points with Re(t) = 0 are plotted on the τ -plane. The blue line corresponds to arg(τ) = 23pi
to which the curve Re(t) = 0 approaches asymptotically.
this is the same conclusion from the condition (1.4) of supersymmetry breaking for N = 2 Chern-Simons
theory coupled to 2n adjoint multiplets. We expect that the condition of supersymmetry breaking for an
N = 3 theory is the same as the one for the corresponding N = 2 theory which shares the same gauge
group and the same matter content. In fact, an N = 3 theory is obtained from an N = 2 theory by
taking a suitable limit of parameters. Therefore, if the supersymmetry is preserved for generic values of
the parameters for the N = 2 theory, then even in the limit the supersymmetry should be preserved. Note
that the N = 3 theory is not at the boundary of the parameter space of N = 2 theories, so there would
not be a possibility that the supersymmetric vacuum would disappear after taking the limit. Indeed,
we have seen that for pure Chern-Simons theory and Chern-Simons theory with flavors, the pattern of
supersymmetry breaking is the the same between N = 3 theory and N = 2 theory.
Note that the above numerical study of t(a) confirms the expectation that λ → ∞ corresponds to
a→ a∗ mentioned in [13]. As a result, the expectation value of the Wilson loop is bounded by a constant
even in the large λ limit, which is a quite different behavior from the Wilson loop in ABJM theory.
3.4 Chern-Simons-adjoint theory: n = 1
The equation (3.8) for this theory was solved in [12]. In fact, it turned out that, instead of v(z), a
combination v(z)− v(−z) may have a rather simple expression as follows:
v(z)− v(−z) = 4z
∫ b
a
dx
2pi
log x
z2 − x2
√
(z2 − a2)(z2 − b2)√|(x2 − a2)(x2 − b2)| . (3.36)
A disadvantage of using this combination is that the ’t Hooft coupling t cannot be obtained by simply
setting z in the above expression to be 0 or ∞. Instead, t can be recovered as
t =
1
2
∮
C
dz
2pii
v(z)− v(−z)
z
, (3.37)
where the contour C encircles the branch cut [a, b] of v(z). The integral can be evaluated numerically. It
is again convenient to introduce τ defined as (3.32). Several points in the τ -plane at which Re(t) = 0 are
plotted in Figure 5. This shows that the line to which the imaginary t axis is mapped starts from the
origin and goes to infinity, not like in the case n > 1. Indeed, the integral (3.37) can be estimated when
11
Im(τ) is large and positive. The leading behavior is
t ∼ pii
96
τ3. (3.38)
This implies that the line Re(t) = 0 corresponds, in the τ -plane, to a line which asymptotically approaches
arg(τ) = 2pi3 , as the plot also indicates. In terms of α = − log a, this can be written as
t ∼ 2
3pi2
α3, (3.39)
which was also obtained in [12] for real α.
It can be checked that there is no branch point for all λ > 0. Assuming again that the condition (1.4)
can be used for N = 3 theories, this result is compatible with the conclusion of (1.4) that there is no
supersymmetry breaking for this theory.
3.5 Chern-Simons-matter theories with fundamental matters
Finally, we consider the case n, nf > 0. For the case n > 1, vf (z) is determined from v0(z, ξ). The
additional contribution to the ’t Hooft coupling t from vf (z) is
− 2piinf
n− 1
[
i
2e sin piν2
G(−1) + 1
2
]
. (3.40)
However, for the case n = 1, it is not so straightforward to determine such a contribution since v0(z, ξ)
was not determined. Fortunately, it was shown in [19] that the expression (3.40) has a well-defined limit
n→ 1. Therefore, we can also use (3.40) for the investigation of the case n = 1.
It can be checked numerically that there is no branch point for these theories. This result is compatible
with the conclusion of (1.4) that there is no supersymmetry breaking in these theories.
4 Discussion
We have investigated the analytic structure of the planar free energy of a family of Chern-Simons-matter
theories. The planar free energy is a function of the ’t Hooft coupling λ which can be obtained from the
planar resolvent of the corresponding matrix model. As deduced from the conjecture [8], the free energy
turned out to have a branch point at the value of λ above which the supersymmetry is broken.
The relation between the vanishing of the partition function and the supersymmetry breaking seems
to be natural from the point of view of [21]. In [21], Chern-Simons-matter theories are regarded as a low
energy effective theory of a Yang-Mills theory coupled to matters including fundamental matters with
”axial masses.” When these masses are heavy, they are integrated out, leaving an appropriate Chern-
Simons term. Instead, if those masses are non-zero but small, it is possible to argue that there exists a
non-perturbative superpotential, as discussed in [22], and the supersymmetry is broken due to a non-zero
vacuum energy. It was found in [21] that the condition for the existence of non-perturbative superpotential
and the condition for the supersymmetry breaking for the corresponding Chern-Simons-matter theory
are closely related. In the limit of infinite masses, where the theory is reduced to a Chern-Simons-matter
theory, the vacuum energy induced by the superpotential seems to become infinite, and therefore, the
partition function would naturally vanish.
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To the extent discussed so far, the conjecture of [8] turned out to be correct. However, there seems
to be a puzzle if one analyzes the free energy of N = 3 Chern-Simons theory with the gauge group U(N)
coupled to a single hypermultiplet in the (anti-)symmetric representation of U(N). The planar resolvent
of this theory is a solution of (3.8) with n = 12 and nf = 0 [14]. If, as discussed in subsection 3.3, the
condition (1.4) is valid for this theory, it implies that the supersymmetry is broken if and only if
N > 2k, or λ > 2. (4.1)
However, the investigation of (3.30) for the case n = 12 does not show any sign of a branch point at λ = 2.
This might not be a counterexample of the conjecture of [8] since it is the planar free energy that is under
consideration. Recall that, for pure Chern-Simons theory, the free energy for a finite N is divergent when
N > k, but the planar free energy is finite for most of that range of λ. This is simply because log x
is integrable around x = 0. For pure Chern-Simons theory, the branch cut still remains after the large
N limit, indicating the non-analyticity. However, it might be possible that, for Chern-Simons theory
with an (anti-)symmetric matter, branch cuts from various logarithmic singularities would cancel among
them in the large N limit. Actually, it was observed that there is a sign of a branch cut at λ = 3. It
is interesting to clarify this issue. It is also interesting to generalize the analysis in this paper to more
general family of Chern-Simons-matter theories based on the results in [14].
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Appendix
A Brane realization N = 3 Chern-Simons theory with funda-
mental matters
Recall the realization of N = 3 pure Chern-Simons theory in Type IIB string theory [3][4]. There are two
NS5-branes parallel to each other, and N D3-branes are suspended between the NS5-branes. Introduce
k D5-branes intersecting with one of the NS5-branes. These branes extend in the following manner:
0 1 2 3 4 5 6 7 8 9
NS5 © © © © © ©
D3 © © ©
D5 © © © © © ©
By the web deformation [4], the intersecting NS5-brane and D5-branes become a (1, k)5-brane, and then
one realizes N = 2 pure Chern-Simons theory on the D3-branes. By suitably rotating the (1, k)5-brane,
the supersymmetry is enhanced to N = 3 [3][4].
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This N = 3 theory may couple to fundamental hypermultiplets by introducing another set of D5-
branes, denoted as D5’-branes. To see that these D5’-branes do not break supersymmetry, let us return
to the brane system with two NS5-branes and N D3-branes only. If Nf D5’-branes are introduced in the
following manner,
0 1 2 3 4 5 6 7 8 9
NS5 © © © © © ©
D3 © © ©
D5’ © © © © © ©
the D5’-branes does not break N = 4 supersymmetry preserved by the NS5-D3 system [5]. Since the
N = 3 supersymmetry of pure Chern-Simons theory discussed above is a subgroup of this N = 4 super-
symmetry, after adding k D5-branes one realizes N = 3 Chern-Simons theory coupled to Nf fundamental
hypermultiplets. By applying the s-rule to this brane system, one obtains the condition for the super-
symmetry breaking
N > k +Nf . (A.1)
B Integral representation of planar free energy
Define a functional
f [ϕ] :=
1
4pii
∫
duϕ(u)u2 − 1
2
∫
duϕ(u)
∫
dv ϕ(v) log sinh2
u− v
2
+n
∫
duϕ(u)
∫
dv ϕ(v) log cosh
u− v
2
+ nf
∫
duϕ(u) log cosh
u
2
. (B.1)
Note that a suitable regularization is understood. Let ϕλ(u) be a function and let Γλ be a constant such
that they extremize
fΓ[ϕ] := f [ϕ] + Γ
[∫
duϕ(u)− λ
]
. (B.2)
Note that Γλ is given as
Γλ = − δf
δϕ(u)
∣∣∣
ϕλ
, u ∈ supp(ϕλ). (B.3)
It turns out that the planar free energy (3.15) is given as
Fn,nf (λ) = λ
−2fΓ[ϕλ], (B.4)
and the distribution function ρ(u) of u¯i in section 3 is given as
ρ(u) = λ−1ϕλ(u). (B.5)
We assume that supp(ρ) is a line segment connecting u = −α and u = α.
Due to the relation
∂λfΓ[ϕλ] = −Γλ, (B.6)
one can show that
∂λ(λ
2Fn,nf (λ)) =
δf
δϕ(−α)
∣∣∣
ϕλ
=
∫ −α
u0
du
d
du
δf
δϕ(u)
∣∣∣
ϕλ
+
δf
δϕ(u0)
∣∣∣
ϕλ
, (B.7)
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where u0 is some complex number. The first term in the last line can be written as∫ −α
u0
du
[
−
∫
dv ϕλ(v) coth
u− v
2
+ n
∫
dv ϕλ(v) tanh
u− v
2
+
1
2pii
u+
nf
2
tanh
u
2
]
=
∫ a
z0
dz
2pii
1
z
[
−v(z) + n v(−z) + log z + piinf z − 1
z + 1
]
, (B.8)
where z = eu, a = e−α, and v(z) is the resolvent defined in section 3. The second term in the last line
of (B.7) is a function of a. If u0 is chosen such that it is far from the segment [a, b], it is a holomorphic
function of a.
C Details on Chern-Simons-adjoint theories
The function G(z) appeared in (3.30) is a holomorphic function on C\[a, b]. It has a branch cut on [a, b]
where it satisfies
G(y+) +G(y−)− 2nG(−y) = 0. (C.1)
Under suitable assumptions on the analyticity, G(z) can be determined uniquely. In terms of a new
coordinate u defined as
z = a sn(u, k), k =
a
b
, (C.2)
G(z) can be given explicitly as
G(z(u)) = −i
[
e
1
2
piiνG+(u)− e− 12piiνG+(−u)
]
, (C.3)
where
G+(u) := −ia (ϑ
0
3)
2
ϑ00ϑ0(
ε
2K )
ϑ0(
u
2K )ϑ1(
u−ε
2K )
ϑ2(
u
2K )ϑ3(
u
2K )
e−pii(1−ν)
u
2K (C.4)
and
ε := i(1− ν)K ′. (C.5)
K = K(k) and K ′ = K ′(k) are the complete elliptic integrals.
The parameter e in (3.30) is defined as
e := a sn(ε, k). (C.6)
This is the value of the z-coordinate at which G+(u) vanishes.
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